
Fur the r ,  ~ is i nve r se ly  re la ted  to the pa r t i c l e  d i ame te r ;  for  example ,  a je t  of veloci ty  3.43 m / s e c  
showed a fall in ~t f r o m  0.35 to 0.15 as the equivalent  d i a m e t e r  inc reased  f rom 2.24 to 5.92 mm.  T h e r e f o r e ,  
this coeff icient  is independent of the veloci ty  but is dependent on the c h a r a c t e r i s t i c s  of the bed under  these 
conditions. 

NOTATION 

b, b d 
C, C o, Cm, 
Cb 
do, de 
r0 
U, U0, Urn, 
Ub 
X 

Y 

) g  
~4 

= (C-Cb)/ 
(Cm-C b) 
Z : (U-Ub)/ 
(Um-Ub) 

= y/b 

a re  the concentrat ion and dynamic  radi i  of jet;  

a r e  the m a s s  concentra t ions  in the gas phase" cur ren t ,  initial,  on the axis,  and at the boundary;  
a r e  the packing d i am e t e r  and equivalent  d i ame te r  of solid pa r t i c l e s ;  
is the radius  of packing; 

a r e  the ve loci t ies :  cu r ren t ,  init ial ,  on the axis ,  and at the boundary; 
is the longitudinal coordinate;  
is the t r a n s v e r s e  coordinate;  
is the poros i ty ;  
is the gas densi ty;  
is the expe r imen ta l  coefficient;  

is the d imens ion less  concentrat ion;  

is the d imens ion less  veloci ty;  
is the d imens ion less  t r a n s v e r s e  coordinate .  
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ALLOWANCE FOR THE THERMAL BOUNDARY LAYER 

AND DIFFRACTION EFFECTS IN DETERMINING 

THE TRANSIT TIME OF SOUND IN 

ULTRASONIC FLOWMETERS 

I. A. Kolmakov, N. N. Antonov, 
and I. A. Logvinov 

UDC 536.2.242:534.24 

The t r ans i t  t ime of sound in u l t rasonic  f lowmete r s  is invest igated with al lowance for  the the rma l  
boundary l aye r  and diffract ion effects .  

In de te rmin ing  the t ime tt in u l t rasonic  f lowmete r s ,  which is equal to the d i f ference  between the down- 
s t r e a m  and u p s t r e a m  t r ans i t  t imes  of sound, it is a s sumed  that the t e m p e r a t u r e  of the liquid is constant  ove r  
the ent i re  path f r o m  the source  to the r ece ive r .  In rea l  si tuations the liquid flowing in the duct often has  a 
t e m p e r a t u r e  other  than that of the duct wall.  In this case we know [1-3] that a the rmal  boundary l aye r  is 
f o rmed ,  in which there  is a cer ta in  t e m p e r a t u r e  distr ibution and outside of which the liquid t e m p e r a t u r e  is 
roughly constant  and equal to the t e m p e r a t u r e  at the duct entry  (Fig. 1). Under these conditions the veloci ty  
of sound propagat ion  va r i e s  as a function of the t e m p e r a t u r e  zone through which the sound wave p a s s e s .  At 
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a cer ta in  d i s t ance / t e  f r o m  the duct en t ry  (lte is the length of the t he rma l  en t ran t  section) the t e m p e r a t u r e  
boundary l aye r  fades away,  whereupon the t e m p e r a t u r e  dis tr ibut ion in the duct acqui res  a s e l f - s i m i l a r  be -  
hav ior  and the t e m p e r a t u r e  conditions of sound propagat ion  differ  f r o m  those in the t he rma l  en t ran t  section.  
The value of the sound veloci ty  in liquids s e r v e s  as a kind of " sca le"  for  the de te rmina t ion  of flow veloci ty  
with an u l t r a son ic  f l owmete r ,  but in many  liquids it  v a r i e s  considerably  with the t e m p e r a t u r e ,  and so the 
t e m p e r a t u r e  conditions a re  d i rec t ly  r e l a t ed  to the t r ans i t  t ime t t of a sound signal.  

The theory of u l t r a son ic  f lowmete r s  deals  with a plane wave.  In this case  the diffract ion effects  a s s o -  
ciated with downs t ream and u p s t r e a m  wave propagat ion ,  i .e . ,  taking place in t ime t t ,  a r e  mutual ly  compensa t -  
ing. In r ea l i ty ,  however ,  because  of the finite d imensions  of the source  and r e c e i v e r  the sound wave is not 
plane (it is well  known - see  [4], for  example  - that  the field of the source  has  c h a r a c t e r i s t i c  osci l la t ions  
in the nea r  zone,  e t c . ) ,  and the propagat ion  of sound is no longer  s y m m e t r i c a l  in both di rec t ions .  This  fac t  
a lso  incurs  e r r o r  in the de te rmina t ion  of t t. Below we discuss  the prob lem of evaluat ing t t with al lowance 
for  these two fac to r s .  

We cons ider  the p rob l em  of the t he rm a l  boundary layer .  Direct ing our  attention to non-Newtonian fluids,  
we invest igate  a liquid whose rheology is desc r ibed  by the Cross  equation (we note that  the solution of this 
p rob lem for  the El l is  equation is obtained by appl icat ion of p r e c i s e l y  the same  procedure) .  We solve the p r o b -  
l em under  the following conditions: 1) the liquid flow is l amina r  and hydrodynamica l ly  s tabi l ized;  2) the t e m -  
p e r a t u r e  of the duct wall  at  the s i te  of the u l t r a son ic  f lowmete r  is constant  and equal to Tw; 3) the liquid is in-  
compress ib l e ;  4) heat  t r a n s f e r  by forced  convection is much g rea t e r  than heat  t r a n s f e r  by conduction; 5) the 
t e m p e r a t u r e  of the liquid at  the duct entry  is constant  over  the c r o s s  sect ion and equal to To; 6) the rheody-  
namics  and total  h e a t - t r a n s f e r  p r o c e s s  a r e  constant;  energy  diss ipat ion due to v i scos i ty  is negligible,  and 
heat  sources  and sinks do not exis t ;  8) the influence of the t he rma l  boundary l aye r  and f low-veloci ty  d i s t r i bu -  
tion over  the duct c r o s s  sect ion on the wave prof i le  is negligible.  

An exac t  solution of this p rob l em  is unobtainable.  The approx imate  solution given below is obtained 
f r o m  a var ia t iona l  formula t ion  of the p rob lem based on the tenets  of nonequi l ibr ium the rmodynamics  [5-7]. 
The solution is suff iciently accura te  for  engineer ing computat ions (the e r r o r  ove r  the numer i ca l  method is 
2 to 4%). Introducing the genera l ized  diss ipat ion function ~, we have the following s y s t e m  of equations in 
cyl indr ical  coordinates  (the y axis coincides with the duct ax i s ,  and the or igin with the center  of the ent ry  
c ro s s  sect ion;  see Fig.  I): 

OP 1 0 
Oy r Or (rvr~)' 

"cs~=~| ( ' ~ t ~  m ' l + c z u  m - (1) 

= - ~  pc,U at ay Or -----~ at + - 2  at \ Or I ' 

subject  to the boundary conditions y = 0, 0 -< r -< R,  T = To, y -~ 0, r = 0, 8T/~r  = 0; y > 0, r = R ,  T = T w. 

The f i r s t  two equations of the s y s t e m  (1) with the conditions U = 0, 8U/Sr = 0 at  r = 0 a re  reducible  to 
the f o r m  

mr dr------/- -t- ~ = O. (2) dr 2 2 dy 

Solving (2) by the s m a l l - p a r a m e t e r  method ( res t r i c ted  to the f i r s t  approximation)  and exp re s s ing  the 
c r o s s - s e c t i o n - m e a n  veloci ty  in t e r m s  of 3P/~y,  we obtain an expres s ion  for  the veloci ty  dis tr ibut ion:  

Us =20" m -k- 1 1 - -  , -- 1 -- . (3) 
m ~oR" (m + 2) m 

It  will be useful  in what follows to t r a n s f o r m  to a Ca r t e s i an  coordinate  s y s t e m  x0z (Fig. 1). We approx i -  
mate  the t e m p e r a t u r e  dis t r ibut ion by the polynomial  [7] 

Tw--T~ 7 ~ + T k ~ /  -7 '~" 

Here  6 (z) is the thickness  of the t h e r m a l  boundary l aye r ,  Using the fact  that ent ropy product ion is min i -  
ma l  close to the s teady s ta te ,  we f o r m  the local  potential  f r o m  the l a s t  equation of the s y s t e m  (1): 
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a/ 2~ 2s so so <r> 
Fig. i Fig. 2 

Fig. 1. Diagram of sound propagation in an ultrasonic flowmeter with a thermal boundary layer. 
1) Source plate; 2) receiving plate; 6) thickness of thermal boundary layer; To, Tw) temperature 
at duct entry and wall; ~) angle of misalignment. 

Fig. 2. Temperature Tw, ~ versus <T>, ~ for various values of R, 6, andU. 

lxt/tto 

35 

25 I 

/5 

t 
f f  t t 

20 ~c < T> 

Fig. 3. Ratio At/tt0 versus <T>, ~ I) 
Calculated for R = 0.25 m; H) for R = 
0.047 m. 

t 6~(z) 

0 0 

L (  OT 12+pcpUs T OT ~ ] 
2 k Ox ] -~-z J dxdz" 

We substitute (4) into (5) and vary E* with respect  to 5 in accordance with local potential theory. 
setting 6E* equal to zero and integrating with respect to z, we obtain for 5 

where the coefficients 

pcvR z 

c~ = 0. 77554 ( m + 2)az, cz = 0.13046 [ (m - -1 )  ( m + 2 ) ~ - - a t  I ,  

c3=0.08853(rn+ l)(m+2)a v F=0.29124, 

a' 2U m + ----m ' a2 = ~toI~ ma(~~ [ 4U (m +l )  ] m + ' ' ( m + 2 )  --m 

(5) 

Then, 

(6) 

1047 



F r o m  (6) we infer  the following c r i t e r ion  for applicability of the solution obtained here :  

2zU ,~, 1. (7) 
R Pe {U 'n (m + 2) az [0.88752 + 0,28508 (m + 1)1 - -  O. 13046ai} 

If we assume that the thickness of the thermal  boundary layer  grows l inear ly ,  for  the determinat ion of 
6(z) we obtain in place of (6) 

8 = 2z~]/(Pe {~j,n (m + 2) a~ [0.88752 + O. 28508 (m+ 1) ] - -  O, 13046at}). (8) 

As mentioned,  he re  we d i s rega rd  possible dis tor t ions  of the wave p r o f i l e ,  so that it is useful to in t ro-  
duce the mean t empera tu re  

6 l 

< r > = ~ Us (x) Tdx/~ Us (x) dx 
0 0 

and to investigate sound propagation in a liquid having the t empera tu re  (T>. 
to (9), we obtain 

(9) 

Calculating the la t te r  according 

24.10 -3 
<T>= a2{(ra+2)[12+(m+ 1)(m+4)]} • 

• + l) (m + 2)a~(_~ )4 + 32.823 [ (m + l~m + 2) az_ai] (10) 

• + 10,241 [2ai + (m + 2) a21 ~ -  + 76.190a~ . 

Thus ,  the thermal  boundary layer  is accounted for  by the introduction of (T>, which is re la ted  to the 
average sound veloci ty (c>. 

We now consider  the propagation of sound f rom the source  to the r ece ive r .  We approximate the osc i l l a -  
tions of the source  by the osci l lat ions of a piston rad ia tor  with a uniform distr ibution of the pa r t i c l e -ve loc i ty  
amplitude over  its surface;  we also assume that the pulsewidth is such that the r e c e i v e r  does not d is tor t  the 
field of the source .  Final ly ,  we assume that the r e c e i v e r  responds to the average  p r e s s u r e  over  its surface .  

The problem of the source  field and, in pa r t i cu la r ,  of determining the t ime t t can be solved on the basis 
of the Helmholtz equation and the boundary conditions for  a piston radiator .  If we use the Rayleigh fo rm of 
the equation for  the velocity potential ,  we obtain for  the average  p r e s s u r e  c rea ted  on the rece iv ing  plate 

- -  dSldS 2 �9 ( P ) = Re i~pe~~ ~ L (11) 
S, $2 

Equation 01) can be used in pr incipal  to solve numer ica l ly  the problem of sound propagation in a moving m e -  
dium. However ,  because of the enormous  "machine t ime" requ i red ,  the numer ica l  integrat ion of (11) is 
prac t ica l ly  impossible.  We have the re fo re  integrated (11) approximately  by means of the method of Lommel ,  
cer ta in  readi ly  deducible integral  r epresen ta t ions  of the Besse l  functions,  and well-known rela t ions  f rom the 
theory of Besse l  functions. Pass ing  over  the cumbersome integrat ion p rocedure ,  we give the resul t ing  ex-  
p ress ion  for t t with allowance for  the thermal  boundary layer  and diffraction:  

2r 1 [Arctg (M_-~-) --Arctg ( M--~--t ) ] (12) 
tt := - - < c  > cos (~ i -  ao) + 2n----v- u=-~ u=-O ' 

where 

M ~ = L - - E V N  2 + N29 cos( , - -kEt) ;  Mz=EVN~ + N~ s in( , - -kE, ) ;  

E = Zo < c >/k~v (adz cos %)2; 

a~ ( rcos(~--a0)  a2cos2% ) +  AT 
E l - - - -  cosa o + d  z +  

- -  2 z  ~ , z0 2zo 8 z  0 c o s  2 cz o 

r = Uro sign U/c; r 0 = h/sin (fl - -  a0); Ai = 2r cos (~l - -  a0); 
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Fig .  4. D i f f r a c t i o n  c o r r e c t i o n  
v e r s u s  d i s t a n c e  be tw e e n  a c o u s -  
t i c  p l a t e s .  I) A v e r a g e  l iqu id  
t e m p e r a t u r e  T = 20~ II) 40~ 
III) 60~ 

q~ = Arctg N~___2 ; d 2 = 1 + r cos (fl - -  %)/z0; 
N~ 

= ka2d2 cos ao/Zo; ~l = ka2T~ 

= {Ai+2Zo sin a o.)i 
Ni Jo(q) 2 ( -  1 )~ (2n+  1)c~176 ~ 2adzcos% 

r t ~ 0  

• 1 + 2ad 2 cos a o " 
t = l  n = ~ , +  1 " =  = 

X (- -  1)nscos 2(n-2) %J~ 01) J2~_i_, (~); 

N 2 =  J0(q) ~ ( - - 1 ) " ( 2 n +  2)cos2n-3%S2T~.z(~) + -2a~d:cosa~ 
r ~ = 0  

~ 2 ( n - - L ) - - i  i 

;< 1 ~ 2adz cos % J ,= ~ n=,+~ ,= = 

• ( - -  1)~ ecosZ~-3 ao J., (rl)J2,~-, (~); 

L J ~  @- 2 -  ,~=1 (n + 1)! - - - - - 7 - -  (kasinao); 

T ~  k = 2 ~ v / c ;  = T~ cos %. 

In Eq. (12) (c> i s  i n t e r p r e t e d  as  the  sound v e l o c i t y  c o r r e s p o n d i n g  to the a v e r a g e  t e m p e r a t u r e  <T> given  
by e x p r e s s i o n s  (10), (6), and (8). The  f i r s t  t e r m  in (12) r e p r e s e n t s  the d i f f e r e n c e  be tween  the d o w n s t r e a m  and 
u p s t r e a m  t r a n s i t  t i m e s  of a p l ane  w a v e ,  and  the s e c o n d  t e r m  is  the  d i f f r a c t i o n  c o r r e c t i o n  to tha t  t i m e .  I t  w a s  
a s s u m e d  in the d e r i v a t i o n  of (12) tha t  a2/z~ << 1, A~/2ad 2 << 1, a s  i s  a l m o s t  a lways  the c a s e .  

F i g u r e  2 g ives  c u r v e s  of (T} as  a func t ion  of the duc t  wa l l  t e m p e r a t u r e  Tw,  c a l c u l a t e d  a c c o r d i n g  to Eq.  
(10). The  t e m p e r a t u r e  of the l iqu id  a t  the duc t  e n t r y  is  T o = 20~ The cons t an t s  have  the fo l lowing  v a l u e s :  
m = 0.7625; c~ = 0.0776 W/re~ ]~0-P~ = 0.161 N �9 s e c "  m 2. C u r v e s  1-6  a r e  c a l c u l a t e d  fo r  5 = R /4 ,  c u r v e s  1-3  
f o r  R = 0.047 m and U = 0.01,  0.1,  1 .0  m / s e c ,  r e s p e c t i v e l y ,  and c u r v e s  4 - 6  f o r  1R = 0.2536 m and U = 0.01,  
0.1,  1.0 m / s e c ;  c u r v e s  7-12 a r e  g iven  f o r  6 = 1 5 R / 1 6 ,  i . e . ,  c l o s e  to  the  end of / t e '  c u r v e s  7 -9  f o r  R = 
0.047 m ,  and c u r v e s  10-12  f o r  R = 0.2536 m .  The  v e l o c i t i e s  U have  the  s a m e  v a l u e s  in the  s s m e  o r d e r  s s  
f o r  c u r v e s  1 - 6 .  It f o l l ows  f r o m  the c u r v e s  of  F i g .  2 t ha t  the  d i s t a n c e  f r o m  the  duc t  e n t r y  to the  s i t e  where  
( T )  i s  d e t e r m i n e d  i s  v e r y  c r u c i a l  ( among  o t h e r  f a c t o r s  a f f ec t ing  ( T ) ) .  
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F i g u r e  3 g ives  c u r v e s  of At/t t0 = (ttT - t t0) / t t0  in p e r c e n t  a s  a funct ion  of <T>. 

We can thus  use  F i g s .  2 and 3 to f ind the e r r o r  of d e t e r m i n a t i o n  of t tT  due to s i m i l a r i t y  of the t e m p e r a -  
t u r e s  of the l iqu id  and duc t  wa l l .  We s e e  in F ig .  3 tha t  the e r r o r  of d e t e r m i n a t i o n  of t tT can be v e r y  l a r g e  and ,  
fo r  a f i xed  va lue  of (T>, i n c r e a s e s  wi th  d e c r e a s i n g  duc t  d i a m e t e r .  We note  fo r  c o m p a r i s o n  tha t  fo r  w a t e r  wi th  
To = 20~ Tw = 40~ U = 1 m / s e c ,  R = 0.25 m ,  5 = 15R/16,  and a p a r a b o l i c  v e l o c i t y  d i s t r i b u t i o n  in the duc t  
c r o s s  s e c t i o n  the e r r o r  of d e t e r m i n a t i o n  of t tT i s  2.2%, whi le  fo r  Tw = 120~ and i d e n t i c a l  v a l u e s  f o r  a l l  o t h e r  
p a r a m e t e r s  i t  is  6.1%. The  f o r e g o i n g  r e s u l t s  and d i s c u s s i o n  show tha t  wi th  the  e x i s t e n c e  of a d i f f e r e n c e  b e -  
tween  T w and T O the e r r o r  of m e a s u r e m e n t  of the t ime  t tT w i l l  de pe nd ,  a m o n g  o t h e r  t h i n g s ,  on the d i s t a n c e  
f r o m  the duc t  e n t r y  a t  which  the i n s t r u m e n t  i s  p l a c e d .  

F i g u r e  4 g ives  the quan t i t y  A t d i / t t i  (i = 0, 1, and 2 a t  t e m p e r a t u r e s  of 20,  40,  and 60~ r e s p e c t i v e l y ,  
f o r  A td i  and t t i  ) a s  a func t ion  of the  d i s t a n c e  z 0 be tween  the s o u r c e  and r e c e i v i n g  p l a t e s .  The  c a l c u l a t i o n s  w e r e  
c a r r i e d  out  fo r  the  fo l lowing  v a l u e s  of the p a r a m e t e r s  ~ = 1 MHz;  a = 0.01 m;  U v a r i e d  o v e r  the r a n g e  f r o m  0.01 
to 9 m / s e c ;  ang le  of  i n c l i n a t i o n  of a c o u s t i c  channe l  r e l a t i v e  to duct  a x i s  fl = 15~ ang le  of  m i s a l i g n m e n t  of p l a t e s  
n 0 = 0 ~ I t  i s  s e e n  in the  f i g u r e  tha t  c u r v e s  II and III d i f f e r  s i g n i f i c a n t l y  f r o m  cu rve  I only  fo r  s m a l l  v a l u e s  of 
z 0. F o r  z 0 of o r d e r  0.4 m the d i f f r a c t i o n  e r r o r  A t d i / t t i  f o r  a l l  t h r e e  c u r v e s  b e c o m e s  n e g l i g i b l e  (on the o r d e r  
of  t housand ths  of  one p e r c e n t ) ,  i . e . ,  d i f f r a c t i o n  e f f e c t s  a r e  s i g n i f i c a n t  only  fo r  r e l a t i v e l y  s h o r t  d i s t a n c e s  b e -  
tween  the p l a t e s .  We note  a l s o  tha t  the r a t i o  A t d i / t t i  does  not  depend  on the f low v e l o c i t y  in the i n v e s t i g a t e d  
r a n g e .  
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N O T A T I O N  

is  the s h e a r  s t r e s s ;  
i s  the d e n s i t y  of  l iqu id ;  
i s  the s p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e ;  
is  the t h e r m a l  conduc t iv i ty ;  
i s  the t h e r m a l  d i f fu s iv i t y ;  
i s  the p r e s s u r e ;  
is  the P ~ c l e t  n u m b e r ;  
i s  the r e a l  p a r t  of  a n u m b e r ;  
i s  the c y c l i c  f r e q u e n c y ;  
i s  the  p a r t i c l e - v e l o c i t y  a m p l i t u d e  of sound s o u r c e ;  
a r e  the a r e a s  of s o u r c e  and r e c e i v i n g  p l a t e s ;  
i s  the a r b i t r a r y  d i s t a n c e  be twe e n  s o u r c e  and r e c e i v i n g  p l a t e s ;  
a r e  the v i s c o s i t i e s  a t  z e r o  and in f in i t e  s h e a r  v e l o c i t i e s ;  
is  the c o m m o n  r a d i u s  of  s o u r c e  and r e c e i v i n g  p l a t e s ;  
i s  the t h e o l o g i c a l  p a r a m e t e r ;  
i s  the  s h e a r  v e l o c i t y ;  
a r e  the t i m e s  equa l  to the d i f f e r e n c e  be tw e e n  the d o w n s t r e a m  and u p s t r e a m  t r a n s i t  t i m e s  of 
a p l ane  wave  a t  t e m p e r a t u r e  T o = 20~ and a t  a t e m p e r a t u r e  T = To, r e s p e c t i v e l y ;  
i s  the t i m e  equa l  to the d i f f e r e n c e  be tween  the d o w n s t r e a m  and u p s t r e a m  t r a n s i t  t i m e s  of a 
p l a n e  wave  a t  t e m p e r a t u r e  T O = 20 ~ T 1 = 40 ~ and T 2 = 60~ 
is  the d i f f e r e n c e  be tween  d i f f r a c t i o n  c o r r e c t i o n s  fo r  d o w n s t r e a m  and u p s t r e a m  wave  p r o p a g a -  
t ion  a t  t e m p e r a t u r e s  T O = 20 ~ T 1 = 40 ~ and T 2 = 60~ 

1~ 
2. 
3. 
4. 

5. 

6o 
7. 
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